New variables for brane- world gravity 
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Abstract. Geometric variables naturally occurring in a time-like foliation of brane-worlds are introduced. These consist of 
the induced metric and two sets of lapse functions and shift vectors, supplemented by two sets of tensorial, vectorial and 
scalar variables arising as projections of the two extrinsic curvatures. A subset of these variables turn out to be dynamical. 
Brane-world gravitational dynamics is given as the time evolution of these variables. 



INTRODUCTION 

The novel theory of gravitation known as brane-world is based on the introduction of a fourth non-compact spatial 
dimension. The fabric of space-time thus becomes a five-dimensional (5d) pseudo-Riemannian manifold (the bulk) in 
which gravity develops according to the Einstein equation. The particles and fields of the standard model are confined 
to a four-dimensional (4d) hypersurface, called the brane, kept together by the so-called brane-tension '^'A. Gravitons 
are the only ingredients of the model, which can propagate in all dimensions. (Sometimes non-standard model fields, 
like scalar fields or radiation of quantum origin are also allowed in the bulk.) This new setup gives modifications of 
the gravitational interaction on the brane at high energies. In a cosmological brane-world scenario, the early universe 
evolves differently 1 1 ] . 

The simplest such brane-world, introduced by Randall and Sundrum |2], identifies a flat brane to a domain wall 
in a 5d anti-de Sitter space-time. They have considered branes with both negative and positive tensons in order to 
investigate how matter can be localized on the domain wall. For a single brane with positive tension (RS2 model) 
they have provided a mechanism which confines the matter fields onto the brane. Later on, various generalizations of 
this model to curved branes have been investigated. In these scenarios the 5d Einstein equations couple the curved 
geometry of the bulk endowed with a cosmological constant '^'A to the matter fields on the brane (located ^XX — 0): 

(^)7;, = -(^'A(^W + (('U<''^«. + (')7;,)5U). (1) 

Here '^'fc^ is the bulk coupling constant and represents the energy-momentum tensor of the standard model 

fields confined to the brane. 

By applying the geometrical approach of the space-time embedding, Shiromizu et al. |3] have derived the Einstein 
equations induced on the brane. They have used the Gauss and Codazzi equations giving the various projections of 
the 5d geometry onto the brane, which, together with the Lanczos-Sen-Darmoise-Israel matching conditions L4]-L5J 
and the assumption of Z2 symmetry across the brane, provided the modified version of the 4d field equation, with 
correction terms as compared to Einstein's gravity: 

(4)G„, ^ A + (^) (^) 7;, + (^) k\,„ - 4,. , (2) 

The new source terms are of two kinds: contributions from the matter fields and a purely gravitational source from 
bulk gravity. The new matter source term 

Scb = ^TTab - ^T'aTcb + ^gabi'iTcdT"' ~ (3) 



is quadratic in the brane energy-momentum tensor The second source term specific to brane-world gravity is due to 
the non-local gravitational field of the bulk. It is the so-called "electric" part 

Sab = '"'^Wabcdn'n' (4) 

of the 5d bulk Weyl tensor, '^'Wafocrf^ calculated in the limit % 

The presence of the source term S'ab in the modified Einstein equation (|3 indicates that the gravitational equations 
on the brane do not close. The 4d contracted Bianchi identities imply the constraint 

(4)vXf, = ('>'^''''VXz,, (5) 

revealing that Sab is not freely specifiable but its divergence depends on stress-energy. For the fuU decomposition of 
the 5d Weyl tensor, its "magnetic part" is also defined, 

^«.c = <V« (6) 

and the effective gravitational equations in the brane-world can be written in terms of the variables Sab and ^abc- These 
equations are to be solved under the boundary condition (|5jl and a second boundary condition arising from fixing the 
variable S§abc on the brane f3\. 

A CO variant decomposition of the new source terms with respect to cosmological symmetries can also be given 0]. 
Then the effective total energy-momentum tensor together with conservation theorems are used to provide evolution 
equations for the local and non-local energy densities and fluxes. 

However, an alternative way to deal with the bulk gravitational degrees of freedom is also possible. Instead of 
employing various projections of the 5d Weyl tensor, guided by a geometric motivation |7], we define here new 
dynamical variables. These variables are equally adequate to describe bulk gravity and they can be introduced in 
the decomposition of the effective energy-momentum tensor. Besides, these variables are better suited to develop a 
canonical theory of brane-world gravity. 



CANONICAL BRANE-WORLD GRAVITY 
The 3+1+1 decomposition of the bulk 

The Hamiltonian theory of general relativity is based on the embedding of 3-dimensional (3d) space-like hyper- 
surfaces, representing the space at a given instant, into the 4d space-time manifold. A similar embedding can be 
constructed in the brane-world scenario as well, by introducing a foliation of the 4d brane (which is already embedded 
in the 5d bulk). Since the co-dimension of the embedded 3-spaces with respect to the bulk is two, a two-parameter 
family of the hypersurfaces "Lt.x (f , Z ^ ^) is required for the 3h-1h-1 decomposition of the bulk ^. Besides the param- 
eter t representing the many-fingered time in the canonical formalism, here we have introduced the parameter %■ The 
locus of the brane in the bulk is chosen at ;^ = 0. For any leave E, = '^t.x=o (ssc Fig-ID)^ representing the conventional 
3d space, there are two normal vector fields (one time-like and one space-like), which are independent. We denote 
them as n" and with = — 1, = 1 and n"/„ = 0. 

Then temporal and off -brane evolutions along vector fields defined by the derivatives of the parameters / and % are 
given as 

— \ =Nn''+N\ f— j =M"+Ml\ (7) 

where A^" and have the well-known interpretation from the decomposition of the 3 + 1 dimensional space-time as 
shift vector and lapse function. The vector M" and the scalar M are the "shift vector" and "lapse function" of the 
off-brane evolution, but as the off-brane evolution vector d jdx is space-like rather than time-like, one does not expect 
these quantities to have the same non-dynamical role as A'" and A^. Indeed, they characterize the off-brane sector of 
gravity. Notably, there is no component along n" of d /dx, because the off-brane evolution is chosen along a constant 



FIGURE 1. The brane is the hypersurface (at ;f = 0) embedded into the bulk The foliation of the bulk by spatial 
hypersurfaces is represented by two leaves, taken at f = and at some generic f > 0. The leaves intersect the brane at Zq and 
Z/, respectively. These represent our detectable universe at the two instants of time. The decomposition of the time evolution and 
off-brane evolution vectors is also shown. In order to obey the Frobenius theorem, the off-brane component of the time-evolution 
vector was chosen to vanish. 



time hypersurface. Similarly, there is no component of the shift of d/dt in the off-brane direction, as the two foliations 
were chosen perpendicularly ' . 

The 5d metric defined on ^ is decomposed as 

^^^gab = gab + Ub - natlb , (8) 

where gab is the induced metric of E, with y— = NM^. The intrinsic geometry of each 3-space, given by 
gab, describes only the local properties of the brane gravity on the leaves. The non-local bulk effects on the brane 
are represented by the new gravitational variables M" and M. A simple counting shows that the 15 independent 
components of the 5-metric '^^ ''gab can be replaced by the equivalent set {gab,M" ,M,N" ,N}, for which the restrictions 
gabtt" = gabl" — M"na = M"la = N"na — N"la — apply, plus the information that the evolution of standard-model 
fields is constrained to a hypersurface. 

The set of dynamical quantites {gab,M" ,M} can therefore be considered as canonical coordinates of the 5d gravity, 
while the non-vanishing A^" and variables play the role of Lagrange multipliers. Then the momenta canonically 
conjugated to the coordinates can be defined analogously to those in the the standard 3 + 1 decomposition, that is via 
the extrinsic curvature(s) of E,. 



The fundamental forms and scalars of Ef 

The set of the first fundamental form gab, the vector field M" and the scalar field M are quantities defined on the 
brane, characterizing brane-world gravitation. As there are two independent normal vector fields to the leaves E,, there 




' For generic (non-perpendicular) double foliations the Frobenius theorem, stating that the commutator of any pair of tangent vectors of an 
embedded submanifold (here the brane) belongs to the tangent space of that submanifold, imposes a constraint on the components of d/dx and 
d/dt 0]. This constraint is automatically satisfied for perpendicular foliations. 



are also two types of extrinsic curvatures characterizing the embedding. With respect to E,, they further decompose 
into tensorial, vectorial and scalar quantities. The tensorial quantities derived from the extrinsic curvatures are two 
kinds of second fundamental forms 

K,b = g'ag'h ^'^^cn, , Lab = g'ag'b ^^^^dd ■ (9) 

While the tensor K^b is already well-known from the standard Arnowitt-Deser-Misner (ADM) decomposition of the 
4d space-time, the role of the tensor L„6 is not well-known. Other projections of the extrinsic curvatures include the 
normal fundamental forms 

X. = g'j' ^'^^crib , = g\rf (5)V,4 (10) 

and the normal fundamental scalars 

^ ;«;M5)v„„^ , ^ = „V(^V„4. (11) 

The totality of the tensorial, vectorial and scalar quantities introduced above characterizes the embedding of the 
submanifolds into the bulk. Such (or analogous) quantities can be found in the geometric treatments and 

Let us make a few remarks of the newly introduced quantities. Since we have chosen perpendicular normal vector 
fields (n"la — 0), the following relation holds for the normal fundamental forms [7J; 

J^a — ~-2a ■ (12) 

Then the set J^^,, J^,L„^,^} characterizes the embedding of the 3-spaces E, into the bulk. Further, as n" and 
are hypersurface-orthogonal, the tensorial extrinsic curvatures defined above are symmetric. 

By employing the decompositions Q, it is straightforward to derive relations between the tensorial extrinsic 
curvatures (second fundamental forms) and the time derivatives and off-brane derivatives of the induced metric: 

Here D„ is the derivative compatible with the induced metric g^b- In ^ similar way, the dual of the normal fundamental 
form can be related to time- and off-brane derivatives of the two kinds of shift vectors: 

1 f c)M" r)N" \ 

^« = ^ (^— - — +M''D,A." - A.^D,M" j . (14) 

Finally, the normal fundamental scalars can be expressed in terms of the time- and -derivatives of the two kinds of 
lapse functions: 

^= T777 1 4-^-^"A,M ) , ^ = --i- ( r^A?-M"Z)„A? ) . (15) 
MN \dt ) MN \dx J 

The Eqs. ( I13> and M5\ show that the tensor and scalar fields Lab and ^ can be expressed as spatial derivatives of 
the chosen canonical coordinates, whereas the quantities Kab, J^a and X give the time evolution of g^b^ M" and M, 
respectively. Hence the former ones are not independent variables, while the latter are the velocities of the canonical 
coordinates. 

In a canonical picture the variables {^„i,M",M;/ra^, J^", ^} replace the bulk metric ^^^gcb- In the next section we 
derive the equations governing the time evolution of these new canonical variables. 



THE DYNAMICAL EQUATIONS OF THE CANONICAL VARIABLES 

Dynamical evolution follows from variational principles on an action functional containing either the Lagrangian 
or the Hamiltonian density of the dynamical system. Here however we will follow a simpler route to derive these 
equations, i.e., to establish the relations among the time derivatives of the dynamical data {g„/,,M",M} and the extrinsic 
curvatures {Kab , ^ ■ ^} ■ 

As the various projections in the decomposition of the 5d Riemann tensor and its contracted quatities describing the 
bulk geometry contain the Lie derivatives of the velocity variables with respect to the time-like normal vector field n", 



we can find the time derivatives of these variables from pure algebra. In the previous section we have already given 
the first set of the dynamical equations for gut,, M" and M in Eqs. il3\ . J14t and il5\ . which can be rewritten as 



dgah 
dt 

dM" 

~dr 

dM 
IT 



= INK, 



ab - 



MNJf + £t^M . 



(16) 
(17) 

(18) 



The second set of dynamical equations for X^/,, J(^" and ^ can be obtained from the projections n"g^irf^ j ^^^Ratcd^ 
the Codazzi equation containing ^^^Rub and the projection fl^ '^'^n^- In order to obtain the time derivatives, we 
decompose the vector field n" in the Lie derivatives cf. Eq. Q. The second set of dynamical equations become: 



dt 

dXa 
dt 



= N[2KacK't, - Kab {K + Jf)+ IXaXb + Red - R. 



ab 



+Lab{L - ^) - 2LacLl + £xLab + M- ^DbDaM] + DbDaN + £j^K, 



ah 



N[-Kje, + g\l' '^'^Rbc - D'Lab + Da {L~^)]- {L^ + ^5^,)DbN + l^J^a 



dt 



X = N[-2j(raJ^"~je{K+je)i"f^''^Rab-LabL""+.^' 



(19) 
(20) 

(21) 



The projections of the 5d Riemann and Ricci tensors appearing in the above equations are determined from the bulk 
Einstein equation 0. Whenever the bulk contains nothing but a cosmological constant, however the matter on the 
brane is left arbitrary, the projection g'^J'^ ^^^Rbc vanishes, as proven in 0]. Such a matter source can be decomposed 
as follows: 



(5) 



Tab 



natlb 



{p-^)Hx)- 



r-2 (5)/ 



gab+[^ab+2n^aQb)]Six) , 



(22) 



with energy density p, homogeneous pressure p, tensor of anisotropic pressures Ila^ and energy transport Qa, all 
measured by observers moving along the congruence n". 

Thus the equations jl6>- (l21> completely determine the dynamical evolution of the brane-world gravity in terms of 
the newly introduced, geometric variables. 



SUMMARY 

We have presented here the main results derived in detail in 0], which rely on the 3 + 1 + 1 decomposition of a 5d 
space-time, both with respect to a timelike and a spacelike direction. 

The bulk metric is replaced by two sets of variables. The first set consist of one tensorial (the induced metric 
gab), one vectorial (M") and one scalar (M) dynamical quantity, all defined on the 3-space. Their time evolutions are 
related to the second fundamental form (the extrinsic curvature Kah), the normal fundamental form {J(f") and normal 
fundamental scalar (Jf), respectively. The non-dynamical set of variables is given by the lapse function and the shift 
vector, which however has one component less. The missing off-brane component is due to the externally imposed 
constraint, stating that physical trajectories are confined to the 4d brane. The pair of dynamical variables (gab, K^b), 
well-known from the ADM decomposition is supplemented by the pairs (M", J(f") and ( M, representing the bulk 
degrees of freedom. 

We have given the set of equations characterizing gravitational dynamics on a brane with arbitrary matter embedded 
into a bulk with cosmological constant. As a completion of our program of characterizing brane-world gravity in terms 
of geometric variables, the electric part of the Weyl tensor should be given in terms of these variables. This is work in 
progress 1 10]. 

Our formalism is suited for the study of the initial value problem and for canonical gravitational dynamics in 
generalized RS2 brane-world scenarios. 



ACKNOWLEDGMENTS 



This work was supported by OTKA grants no. T046939 and TS044665. L.A.G. was further supported by the Janos 
Bolyai Scholarship of the Hungarian Academy of Sciences. 



REFERENCES 

1. p. Binetruy, C. Deffayet, U. Ellwanger, and D. Langlois, Phys. Lett. B 477, 285 (2000). 

2. L. Randall, and R. Sundrum, Phys. Rev. Lett. 83, 4690 (1999). 

3. T. Shiromizu, K. Maeda, and M. Sasaki, Phys. Rev. D 63, 024012 (2000). 

4. C. Lanczos, Phys. Zeils. 74, 518 (1924). 

5. W. Israel, Nuovo Cimento B 44, 4349 (1966). 

6. R. Maartens, Phys. Rev. D 62, 084023 (2000). 

7. L. Gergely and Z. Kovacs, Phys. Rev D 72, 064015 (2005). 

8. J. A. Schouten, Ricci-Calculus, Springer- Verlag, Heidelberg, 1954. 

9. M. Spivak, Comprehensive Introduction to Dijferential Geometry, Vols. Ill and IV, Publish or Perish, Boston, 1970. 

10. L. Gergely, and Z. Kovacs, in preparation (2006). 



